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1 Introduction 

In this paper, we are concerned with large deviation principles for stochastic models for the 
incompressible second grade fluid which is a particular class of Non-Newtonian fluid. Let O 
be a connected, bounded open subset of with boundary 80 of class C^. We consider 

d{H — a AH) + (^ “ uAU + curl{H — a AH) x H (1.1) 

= F{U, t)dt + CeGfT, t)dW, in O x (0, T], 

under the following condition 

( div = 0 in (P X (0,T]; 

I V = 0 in dC> X [0,T]; (1.2) 

y m'^(O) = Mo ill C, 

where = (wj, m|) and represent the random velocity and modihed pressure, respectively. 
W is an m-dimensional standard Brownian motion dehned on a complete probability space 
(n, V, {lFt}te[o,Th P)- 

The interest in the investigation of the second grade fluids arises from the fact that it is an 
admissible model of slow flow fluids, which contains a large class Non-Newtonian fluids such 
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as industrial fluids, slurries, polymer melts, etc.. Furthermore, “the second grade fluid has 
general and pleasant properties such as boundedness, stability, and exponential decay” (see 
m)- It also has interesting connections with many other fluid models, see [SI El EH [201 El 
|28l|29] and references therein. For example, it can be taken as a generalization of the Navier- 
Stokes Equation. Indeed they reduce to Navier-Stokes Equation when a = 0. Furthermore, 
it was shown in ESI that the second grade fluids models are good approximations of the 
Navier-Stokes Equation. We refer to Ha ESI [IZ1121] for a comprehensive theory of the 
second grade fluids. 

Recently, the stochastic models of two-dimensional second grade fluids fll.l|l have been 
studied in [25], [26] and 1271, where the authors obtained the existence and uniqueness of 
solutions and investigated the behavior of the solution as a —)■ 0. The martingale solution 
of the system fll.ll) driven by Levy noise is studied in [TB] . 

In the present work we are concerned with large deviation principles of the solutions 
of the system fll.lj) . Large deviations have applications in many areas, such as in ther¬ 
modynamics, statistical mechanics, information theory and risk management, etc., see H 
[3l]and reference therein. Large deviations for stochastic evolution equations and stochastic 
partial differential equations driven by Gaussian processes have been investigated in many 
papers, see e.g. 05 05 05 05 05 [I05 [22], [32], [33]- In this paper, we will apply the weak 
convergence approach introduced in 0 . This approach is mainly based on a variational repre¬ 
sentation formula for certain functionals of infinite dimensional Brownian Motion. Technical 
difficulties arise when implementing weak convergence approach to the system (Hj. One of 
them is to deal with the nonlinear term curl(u^ — aAu*^). 

The organization of this paper is as follows. In Section 2, we introduce some functional 
spaces and state some lemmas needed later. Section 3 is to formulate the hypotheses and 
to recall the theorem of existence of solutions for system fll.ll) obtained in [25]. The entire 
Section 4 is devoted to establishing the large deviation principle for system fll.ll) . 

2 Preliminaries 

In this section, we will introduce functional spaces and preliminary facts needed later. 

Let 1 < p < oo, and k a nonnegative integer. We denote by L'^{0) and the 

usual and Sobolev spaces, and write W^’'^{0) = H^{0). Let Wq’^{0) be the closure 
in of C^(0) the space of infinitely differentiable functions with compact supports 

in O. We denote Wq'‘^{0) by Hq{0). We endow the Hilbert space Hq{0) with the scalar 
product 


{{u,v)) = j^Vu-Vvdx = ^ (2.3) 

where V is the gradient operator. The norm || ■ || generated by this scalar product is equivalent 
to the usual norm of in Hq{0). 

In what follows, we denote by X the space of M^-valued functions such that each compo¬ 
nent belongs to X. We introduce the spaces 

C = |m G [€^{0)]“^ such that div u = o|, 

V = closure of C in ]H[^(C>), (2.4) 

HI = closure of C in lJ{0). 
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We denote by (•, •) and | ■ | the inner product and the norm induced by the inner product 
and the norm in \?{0) on H, respectively. The inner product and the norm of ]HIg(Cl) are 
denoted respectively by ((•, •)) and || • ||. We endow the space V with the norm generated by 
the following scalar product 

(u, n)v = (m, v) + Q!((m, v)), for any n G V; 

which is equivalent to || • ||, more precisely, we have 

+ a)“^|ln||Y < ||n||^ < a“^||n||Y, for any n G V, 

where V is the constant from Poincare’s inequality. 

We also introduce the following space 

W = {m G V such that curl{u — aAu) G L‘^{0)}, 

and endow it with the norm generated by the scalar product 

{u, n)w = {u, v)y + {curl{u — aAu), curl{v — aAn) j. (2.5) 

The following result states that (•, •)w is equivalent to the usual ]HI^((P)-norm on W, and can 

be found in m na and Lemma 2.1 in ra- 

Lemma 2.1 Set W = G ]H[^((P) such that divn = 0 and v\do = o|. Then the following 
(algebraic and topological) identity holds: 

W = W. (2.6) 

Moreover, there is a positive constant C such that 

||^^|Ih3(o) < C'(lbllv+ \curl{v - aAn)|^), (2.7) 


for any v G W. 

From now on, we identify the space V with its dual space V* via the Riesz representation, 
and we have the Gelfand triple 


W C V C WL (2.8) 

We denote by (/, v) the action of the element / of W* on an element v G W. It is easy to 
see 

{v,w)y = {v,w), Vn G V, Vw G W. 

Note that the injection of W into V is compact. Thus, there exists a sequence {e* : i = 
1, 2, 3, • • •} of elements of W which forms an orthonormal basis in W, and an orthogonal 
basis in V. The elements of this sequence are the solutions of the eigenvalue problem 

{v, ei)w = Ai(n, ei)Y, for any n G W. (2.9) 

Here {A* : i = 1, 2, 3, • • •} is an increasing sequence of positive eigenvalues. We have the 
following important result from na about the regularity of the functions e*, i = l,2,3,---. 
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Lemma 2.2 Let O be a bounded, simply-connected open subset of with a boundary of 
class &, then the eigenfunctions of H2.9\) belong to 

Consider the following “generalized Stokes eqnations”: 


V — alLv + Vg = / in 

div n = 0 in (9, 
n = 0 on do. 


( 2 . 10 ) 


The following resnlt can be derived from [SD] , [21] and also can be fonnd in |27] and |25] • 


Lemma 2.3 Let O be a connected, bounded open subset o/M^ with boundary dO of class O 
and let f be a function in tf, / > 1. Then the system li2.1C\) admits a solution v G fl V. 
Moreover if f is an element ofM, then v is unigue and the following relations hold 

{v,g)Y = {Lg), VgGV, (2.11) 

||i^I1h*+2 < C'II/IIh- (2.12) 


Dehne the Stokes operator by 

Au = -PAm, Vm e D{A) = lf{0) n V, (2.13) 

here we denote by P : lA[0) —)■ El the nsnal Helmholtz-Leray projector. It follows from 
Lemma 12.31 that the operator (/ + aA)~^ dehnes an isomorphism form tf (O) fl El into 
Eii+ 2 (^) Pi Y provided that O is of class O, I > 1. Moreover, the following properties hold 

((/ + aA)~^f,v)Y = (/,n), 

\\{I + aA)-^f\W<C\f\, 

for any / G EI^((!2) fl V and any n G V. From these facts, A = (I aA)~^A dehnes a 
continnous linear operator from EI*(0) fl V onto itself for I > 2, and satishes 

{Au,v)y = {Au,v) = i{u,v)), 


for any m G W and n G V. Hence 


{Au, u)y = ||n||. 


for any u G W. 
Let 


2 r 

b{u,v,w) = y] / 


Ui— - Wndx, 

dxi 


for any u,v,w E C. Then the following identity holds(see for instance [T] na): 

((cMr/<h) X v,w) = b{v, <h, w) — b{w, d*, v), 


(2.14) 


for any smooth fnnction <F, v and w. Now we recall the following two lemmas which can be 
fonnd in [25] (Lemma 2.3 and Lemma 2.4), and also in [1] 0. 
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Lemma 2.4 For any u,v,w ^ W, we have 


\{curl{u — aAu) x v,w)\ < C'||m||h3||v||v||'M^||w) 


(2.15) 


and 


\{curl{u — aAu) x u,w)\ < C||m||y||w||w 
D efine the bilinear operator B{-,-) : W x V —)■ W* as 

B{u, v) = {I + aA)~^ I curl{u — aAu) x v 


(2.16) 


(2.17) 


Lemma 2.5 For any m G W and n G V there holds 

n)||w* ^ C'||w||w||'i^||v) (2-18) 

and 

||S(m,m)||w* < C'sllwlly. (2-19) 

In addition 

{B{u,v),v) = 0, (2.20) 

which implies 

(B{u, v),w) = -{B{u, w),v), (2.21) 


for any u, v, w ^ W. 

3 Hypotheses 

In this section, we will state the precise assumptions on the coefficients and collect some 
preliminary results from IZ7I and ra. which will be used in the later sections. 

We endow the complete probability space (D, B, P) with the hltration Pt, t G [0, T]. Let 
F : V X [0, T] ^ V and G : V x [0, T] —)■ V®™ be given measurable maps. We introduce the 
following conditions: 

(F) For any f G [0, T] and for any Ui,U2 G V, 

F{0,t) = 0, (3.22) 


and 


\\F{ui,t) - F{u2,t)\\Y < C\\ui - M2||v- 


(G) For any t G [0, T] and for any Ui,U2 G V, 

G(0,f) = 0, 


(3.23) 


(3.24) 
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and 


||G(Mi, t) — G{u2, t)||v®”‘ ^ ell'll ~ 'W2||v- 


(3.25) 


We now define two operators F and G which map Vx [0, T] into W and W®”^, respectively, 

F{u, t) = {I + aA)~^F{u, t), G{u, t) = {I + aA)~^G{u, t). 

Condition (F) and Condition (G)implies that there exist Gp, Gq snch that 

||F(Mi,t) - F{u2,t)\\Y < Gf\\ui -M2||v, (3-26) 


||G(mi, t) — G{u 2 -, t)||v®™ ^ C'gII '^1 ~ 'if 2 ||v- (3.27) 

Alongside fll.ip . we consider the abstract stochastic evolntion eqnations 

du'^{t) + vAu'^{t)dt + B{u'^{t),u'^{t))dt = F{u''{t),t) + y/eG{u’^{t),t)dW (t), (3.28) 

with initial valne Uq = m( 0), which holds in W*. It can be proved that a stochastic process 
satishes fl3.28p if and only if it verihes fll.ip in the weak sense of partial differential eqnations. 
Indeed, fl3.28p is obtained by applying (J + aA)~^ to the eqnation fll.ip . 

Now we recall the concept of solntion of the problem fll.ip in [25] . 


Definition 3.1 A stochastic process u’' is called a solution of the system U.l]) . if the follow¬ 
ing three conditions hold 

1. e LP(fi, F, P] L°°([0, T], W)), 2<p<oo. 

2. For all t, Fit) is Ft-measurable. 

3. For any t G (0,T] and v G W, the following identity holds almost surely 


{F{t) — F{0),v)y + / [r'{{F{s),v)) {curl{F{s) — aAF{s)) xF{s),v)]ds 
Jo 

= f {F{F{s), s),v)ds + y/e f {G{F{s),s),v)dW{s). 

Jo Jo 

Or eguivalently, for any t G (0,T], the following eguation 

F{t)f (i'AF{s)-\-B{F{s),F{s))^ds = uo-\- f F{F{s),s)ds + \/e [ G{F{s),s)dW{s), 


holds in W* P-a.s.. 

Using Galerkin approximation scheme for the system fll.ip . Razahmandimby and Sango 
obtained the following theorem (see Theorem 3.4 and Theorem 4.1 in [25]). 


Theorem 3.2 Letuo G W. Assume conditions (F) and (G) hold. Then the system U.l]) or 
the problem H3.2Si) has a unigue solution. Moreover, the solution F admits a version which 
is continuous in V with respect to the strong topology and continuous in W with respect to 
the weak topology. 
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4 Large Deviation Principle 

In this section, we will establish a large deviation principle for system (HU. We hrst recall 
the general criteria obtained in |2]. 

Let (fl, T, P) be a probability space with an increasing family {J^t}o<t<T of the sub-a- 
helds of satisfying the usual conditions. Let be a Polish space with the Borel cr-held 

B{e). 

Definition 4.1 (Rate function) A function / : —)■ [0, oo] is called a rate function on £, 

if for each M < oo, the level set {x E S : I{x) < M} is a compact subset of £. 

Definition 4.2 (Large deviation principle) Let I be a rate function on S. A family 
{X^} of 8-valued random elements is said to satisfy the large deviation principle on 8 with 
rate function I, if the following two conditions hold. 

(а) (Upper bound) For each closed subset F of 8, 

lim sup £ log P(X*^ E F) < — inf I{x). 

£—>0 xGF 

(б) (Lower bound) For each open subset G of 8, 

liminf elogP(X^ E G) > — inf I(x). 

£—^0 X^G 


by 


The Cameron-Martin space associated with the Wiener process {W{t),t E [0, T]} is given 


Hq := <h : [0,T] —)■ h is absolutely continuous and / ||h(s)|l^m(is < +cxd > . (4.29) 


The space FLq is a Hilbert space with inner product 


{hi,h2)uo ■— / {hi{s), h2{s))s."^ds. 


Let A denote the class of M™"-valued {J^t}-predictable processes (f belonging to FLo a.s.. 
Let Sn = {h E "Ho; /q^ ||h(s)||Rm(is < N}. The set Sn endowed with the weak topology is a 
Polish space. Dehne An = {(f E A;((){u) E S'jv, P-a.s.}. 

Recall the following result from Budhiraja and Dupuis [2]. 


Theorem 4.3 ([2]) For e > 0, let P^ be a measurable mapping from (^([O,T];M™) into 8. 
Let W := P^(hF(-)). Suppose that there exists a measurable map P° : C([0,T];M™') —)■ 8 
such that 


(a) for every N < +oo and any family £ > 0} C An satisfying that converge in 
distribution as FAr-valued random elements to h as e —)■ 0, P^ ^hF(-) + :^ /o h^{s)ds^ 
converges in distribution to P°(/q h{s)ds) as £ —)■ 0; 
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(b) for every N < +oo, the set 


h{s)ds ) ; h G S'tv 


is a compact subset of S. 

Then the family {X'^}e>o satishes a large deviation principle in S 
given by 


I{g) := inf 

{h&'Ho;g=T°{fg h{s)ds)} 




||h(s)||^™ds 


with the rate function / 
geS, (4.30) 


with the convention inf{0} = oo. 


4.1 Main Results 

The strong solutions of equation fll.ip determine a measurable mapping r^(-) from C([0, T]; M™) 
into C([0,T], V) so that r^(hT) = u^. 

Let N be any hxed positive number. Fixed g G Sjy, consider the following deterministic 
PDF: 


u^{t) + [ (^Au^{s) + B{u^{s),u^{s)'^ds 


= uo+ F{u^{s), s)ds + / G{u^{s), s)g{s)ds. 


(4.31) 


For any family {h^;e > 0} C An, let be the solution of the following SPDE 


u'^{t)+ / iiyAu^{s) + B{u^{s),u^{s)))ds 


(4.32) 


= uo+ F{u^ (s), s)(is + \/e / G{u^ (s), s)dfF(s) + / G(m™ (s), s)h‘^{s)ds 


Then it is easy to see that P^ {W{-) + ^ Jq h^{s)dsj = . Dehne g(s)ds) = u 

Let / : ^([OjTjjV) — )■ [ 0 , cxd ] be dehned as in ( 14 . 30 ^ . 


Theorem 4.4 Assume that the Lipschitz conditions (F) and (G) hold. Then the solution 
family {M^}e>o of system (DUP satisfies a large deviation principle on G([0,T],V) with the 
good rate function I with respect to the topology of uniform convergence. 

Proof of Theorem 14.41 

According to Theorem 14.31 we need to prove that Condition (a), (b) are fulhlled. The 
verihcation of Condition (a) will be given by Theorem 14.71 below. Condition (b) will be 
established in Theorem 14.81 below. 


4.2 Proof of Theorem 14.4 

From now on, we denote by G any generic constant which may change from one line to 
another. 

First we will establish the following a priori estimate. 











Lemma 4.1 There exists eg > 0 such that 


sup E{ sup ||m^^(s)||^) < Cp^N, for any 2 < p < oo, (4.33) 

eG(0,eo) '5G[0,T’] 

here Cp^N is independent of e. 

Set Wm = Span{ei, ■ ■ ■ ,6^)- Let G be the Galerkin approximations of fl4.32p 
satisfying 

d{u^\ ej)v + ei))dt + h{u^, , ei)dt — ab{u^, Au^, ei)dt + ah{ei, Au^, u^)dt 

= {F{u^^ ,t)Ai)dt + ,t)Ai)dW{t) + {G{u^ ,t)h‘^{t)Ai)dt (4.34) 


for any i G {1, 2, • • • , M}. 

As in the proof of Theorem 3.4 in [25], one can show that —)■ weakly-* in 

LP(12, P, L°°([0, T], W)) for any p > 2. Hence Lemma ITT] will follow from the follow¬ 
ing Lemma [4.21 


Lemma 4.2 For any 4 < p < oo, we have, for any e G (0,1) 

e( sup IIm^(s)II^) < Cp^N, 

^ se[o,r] ^ 

and 


e( sup \\u^{s)rJ 

^se[o,T] ^ 


< Cp^N- 


(4.35) 


(4.36) 


dt 


Proof: Set ||u||* = |cMrZ(u — aAu)| for any v G W. Define 

Tj = inf{t > 0, ||m^(s)||v + ||m^(s)||* > J}- 
Applying Ito’s formula, we have 
d{u^,ei)^ 

+2{u^, ei)Y iy{{u^, e*)) -I- h{u^, , e*) — ab{u^, Au^, e*) -1- ab{ei, Au^, u^) 

= 2{u^, ej)v {E{u^, t), ei)dt + y/e{G{u^, t),ei)dW{t) + {G{u^, t)h^{t),ei)dt 
+e{G{u^, t), ei){G{u^, t), ei)'dt. 

Noting that ||m^||| = Ya=i , d)!, 

(i||M^||y 2z/||u^|p(it 

= 2{E{u^, t),u^)dt + 2^{G{u^, f),u^)dW{f) + 2(G'(m^, t)h^{t),u^)dt 

M 

+e ^ Xi{G{u^, t), ei){G{u^, t), ei)'dt, (4.37) 


2=1 


here we have used the fact that b{u^,u^,u^) = 0. Applying Ito’s formula to ||m“||v 5 we 
have 
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\U 


2i>\\u^\\‘^dt + 2{F{u^ ,t),u^)dt + 2^{G{u^ ,t),u^)dW{t) 


M 


+2{G{u^, t)h^{t),u^)dt + e Xi{G{u^, t), ei){G{u^, t), ei)'dt 




i=l 

+^P{^ - ^)\\u^\\Y~'^{G{u^,t),u^){G{u^,t),u^ydt 


Recall that V is the Poincare’s constant. We have 

\iF{u^{s),s),u^{s))\<GV^u^{s)r< 




and 


\{G{u^,t),u^){G{u^,t),u^y\ < G\\u^r^. 

By Burkholder-Davis-Gundy inequalities, 

/■tArj 


E ( sup I / 

•t&[0,T] Jo 
cTAtj 


l«^(s)llv ^(G'(M"(s),s),M^(s))dW(s)|) 


< GE 

< GE 


sup \\u 

te[0,TATj] 


mu\\\pE 


1/2 


N 1/2-1 

||M^(s)||y(is 


< 6E( sup 

' t&[0,TATj] 


)+GsE 


TAtj 


\u^[S 


By Holder’s inequality and Young’s inequality, for any r/ > 0 

ptATj 


u^{s)rf\G{u^{s),s)h^{s),u^^{s))\ds 


I'tArj 


< G 




< G sup ||m^(s)||y ^ 

se[0,TATj] 


ftArj 


< 7] sup ||m“(s)||^ + C'^( 

se[0,TATj] 

< r] sup ||m“(s)||^ + C'^( 

se[0,TATj] 


\\u (s)||v||h^(s)||Rmcis 

rtArj 


W^(s)||y||h-(s)||M^dsy 


rtArj 


rtArj 

u^{s)\\lds / \\h^{s)\\lmdsf^^ 

Jo 

tArj 


rtArj 

< T] sup \\u^{s)\\^ + Gr,NP^^{ \\u^ {s)\\ldsy^‘^ 

se[0,TATj] Jo 


P-2 


< T] sup \\u^{s)\% + Gr,NP/^T"-^ 


rtArj 


M^(s)||^ds. 


se[0,TATj] 

By Lemma [2731 there exists unique solution G{u^,t) G W®™ satisfying 

G - aAG = G{u^,t) in O, 


(4.38) 


(4.39) 


(4.40) 


(4.41) 


(4.42) 
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div G = 0 in O, 
G = 0 on do. 


Moreover, 

{Giu^, t), e,)v = {Giu^, t), e,), V* e {1,2, • • • , M}, 
and there exists a positive constant Go such that 

||G('U^, t) < Go||G('U’^^, t)||Y®m. 

Hence by fl2.9p . 

M 


Ai(G(M^(s), s), ei)(G(M^(s), s), e*)' 

M 

Xi{G{u^{s), s), ei)v(G(«^(s), s), ei)V 


i=l 

M 


Y ^)’ g)w{G{u^{s), s), Ci)'^ 


2=1 

< l||G(«"(s),s)||i,. 

< ^||G(««(s),s)||^, 


Combining fl4.38l) - fl4.43l) . we have 


(4.43) 


{1-pri- 


sup \\u 

te[0,TATj] 

T AtJ 


M(+\\\P 


r-TArj 


+ 2i'E 




< \\u{ 0 W^ + G,,n,p,sE ||M""(s)||^ds. 


'0 


Choosing V = S = ^, then for any e G (0,1) 


e ( sup ||M^(t)||y) < Gp,7V. 

^te[ 0 ,TArj] ^ 


(4.44) 


(4.45) 


Let J —)■ cxD to obtain fl4.35p . 

Now we prove fl4.36p . 
Setting 


= —uAu^^ + curl{A'^^ — aAA^^) x — E{u‘^^ A) ~ G{A'^\t)h^{t), 


M 


,M 


M\ 




,M 


we have 

(i(M^,ej)v+ {(j){u^),ei)dt = y/e{G{u^ ,t)Ai)dW{t). 

Note that (j){u^) G E[^(G). By Lemma 12731 there exists a unique solution G W 
satisfying 


- aAv^ = 0(m^) in G, 
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Moreover, 


div = 0 in O, 
= 0 on dO. 


ei)v = e*), Vi e {1, 2, • • • , M}. 


,M 


Thus 


d{u^,ei)Y + {v^,ei)Ydt = ^/e{G{u^ ,t),ei)dW{t). 

We introduce G as in the proof of fl4.43l] to get 

\i{G{u^ ,t),ei) = {G{u^ ,t),ei)Yf. 

By O, 

ei)w + ei)wdt = \/e{G{u^, t), ei)wdW(t). 

Applying Ito’s formula, we have 

d{u^, Ci)^ + 2{u^, ei)w(t'^, ei)Y/dt 

= 2^/e{u^, ei)w(G(M^, t), ei)Y/dW(t) + e{G{u^, t), ei)w(G(M^, t), ei)'^dt, 

and 

^ll'^^llw + 2(n^, u^)Y^dt 

M 

= 2y/e{G{u^, t),u^)YidW{t) + e '^{G{u^, t), ei)w(G(n^, t), CiY^dt. 


2 = 1 


By 02.511 we rewrite the above equation as follows 

'^[ll'^^^llv + ll'^^^ll*] + 2 (v^, u^)y + (^curl{u^ — aAu^), curl{v^ — aAv^) 

M 

= 2^/e{G{u^, t),u^)YdW{t) + e ^ A^(G(m^, f), ej)v(G(M^, t), ei)ydt 

i=l 

+ 2 -\fe(curl{u^ — aAu^),curl{G{u^,t) ~ aAG{u^,t)))d^{t)- 


dt 


By the dehnition of and G, we obtain 

'^[ll'^^^llv + ll'^^^ll*] + 2 {(p{u^),u^) + {curl{u^ — aAu^), curl{(p{u^)) 

M 

= 2\/e{G{u^, t),u^)dW{t) + £ ^ X‘^{G{u^, t), ei){G{u^, t), Cij'dt 

2=1 

+2\/e(^curl{u^ — aAu^),curl{G{u^ ,t))^dW{t). 

Subtracting 04.37P from the above equation, we obtain 

+ 2 (^curl{u^ — aAu^),curl{(j){u^))^dt 

M 

= - \i){G{u^A)Ai){G{u^A)Ai)'dt 


dt 


2=1 
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+2^/e(^curi{u^ — aAu^), curl{G{u^ 

Since 

curl (^curl{u^ — aAu^) x = {u^ ■ V){curl{u^ — aAu^)), 

we have 

(^curl{u^ — aAu^), curl{(j){u^))^ 

= (^curl{u^ — aAu^), curl{—iyAu^)^ — (^curl{u^ — aAu^), curl{F{u^, t) + G{u^)h^{t)) 

+ (^curl{u^ — aAu^), curl (^curl{u^ — aAu^) x j 

= —||m^||* — — (curi{u^ — aAu^), curl u^') 
a a \ / 

— (^curl{u^ — aAu^), curl{F{u^, t) + G{u^)h^{t))^. 

Hence 

S-- (curi{u^ — aAu^), curl u^')dt 

a a \ / 

—2 (^curi{u^ — aAu^), curl{F{u^, t) + G{u^, t)h^{t))^dt 

M 

= £^(A- - Xi){G{u^,t),G){G{u^,t),Gydt 

i=l 

+2^/e(^curl{u^ — aAu^),curl{G{u^ ,t))^dW{t). (4.46) 


Applying Ito’s formula, we have 

2z^ ,, /i/f 11 o ,. 2z/ 


dll«"'llj = diwu-^wy/^ = f (lk"'ID’’'"-Xli«"ii; +- i)(iiu"ii;)''''^-^rf(llt<"lD 


|ll«"lir 


u^Wldt H —- (^curl{u^ — aAu^), curl u^'^dt 
+2{^url{u^ — aAu^), curi{F{u^, t) + G{u^, t)h^{t))^dt 

M 

+e^(A- - Xi){G{u^,t)Ai){G{u^,t)Ai)'dt 


(4.47) 


2 = 1 


+2^/e{^curl{u^ — aAu^), curl{G{u^, ty'jdW (t) j + ^p(^ ~ 

■ {curl{u^ — aAu^), curlG{u^, t)^ ^curl(u^ — aAu^), curlG{u^, t)^ dt. 
Using the fact that 


|cMr/(0)|^ < —||0||y for any 0 e W, (4.48) 

a 

we have 

\\u^\\^~‘^\{curl{u^ — aAu^), curl u^)\ + \\u^\\^~‘^\{curl{u^ — aAu^), curl{F{u^, t)))| 

< G\\u^E~yu^h 
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( 4 . 49 ) 


< 


\u 


Ml 


+ ^ 11 ^ 


M lip 


||^M||p G{u^,t)^(^curl{u^ — aAu^),curl G{u^,t)j 

< C\\u^E-^\\u^fy 

< h'^E + cWu^W^. (4.50) 

By the similar arguments as for the proof of fl4.43p . we obtain 


M 

+ Ai)(G(M^(s),s),ei)(G(M^(s),s),ei)' < C'||M^(s)||y. 

i=l 


Thus 


ll«^ll* - \){G{u^,t)Ai){Giu^A)Ai)' 

< G\\u^rG^\\u^\\i 

< \\n^\\l + G\\u^\%. 


By Holder’s inequality and Young’s inequality, for any r/ > 0 


(4.51) 


< 

< 




p-2 


curliu^ 


aAu^), curl{G{u^, s)h^{s)))\ds 



u 


M 


p-1 

* 


n^||v||h^(s))||K-ds 


r] sup ||m^||^ +C'^,Ar,p 

se[0,TATj] 



\u 


M IIP 


ds. 


Applying Burkholder-Davis-Gundy inequalities, 


(4.52) 


e( sup [ ||m^(s)||^ ‘^(curl{u^{s) — aAu^{s)),curl{G{u^{s),s)))dW{s)^ 

^te[o,r] Jo ^ ^ ' 


< ll«^(s)||*^ ^llM^(s)llvds) ' 

< GT^I‘^e( sup ||M^(s)||r^ sup llu^ps 




te[o,rATj] 


te[o,rArj] 


< 6e( sup \\u’^{s)\\A + GsE( sup ||M^(s)||y). 

^te[0,TATj] ' ^te[0,TATj] ^ 

Combining 04.4711 - 04.531) . for every £ e (0,1) 


(4.53) 


< 


(1 - pr/ - x/i; 


sup \\u 

te[0,TATj] 


M 


l«(0)ll^ 


cTAtj 


+ GpE 
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(4.54) 


Let rj = 6 = for every £ G (0,1) to obtain 


E 


sup ||m^^(s)||^ 

ss[o,rATj] 


< Cp^N- 


By Patou’s lemma, fl4.54p implies fl4.36p . ■ 

Let HI be a separable Hilbert space. Given p > 1, G (0,1), let PP^’^([0, T]; H) be the 
space of all u G Lp([ 0, T]; H) such that 



M(t) -M(s)||gt 
\t - s\^+f^P 


dtds < oo 


endowed with the norm 

iifii” ■= r\\u(t)rdt+ r 

ll“llw/’.P([0,T];H) • II “HJIIh"'' |^_5|l+/3p 

The following result represents a variant of the criteria for compactness proved in [23] 
(Sect. 5, Ch. I) and [33] (Sect. 13.3). 


Lemma 4.3 Let Hq C HI C Hi be Banach spaces, Hq and Hi reflexive, with compact 
embedding of Hq into H. For p G (1, oo) and (3 G (0,1), let A be the space 

A = L?’([0,T];Ho) nfP^’^’([0,T];Hi) 


endowed with the natural norm. Then the embedding of A into Lp([ 0,T];H) is compact. 


Proposition 4.5 {u^"} is tight in L^([0,T]; V). 

Proof: 

Note that 


(t) = Uq— uAu^ {s)ds — / B(u^ (’S),m” {s))ds 


(4.55) 


+ / F{u^ (s), s)ds + y/e / G{u^ (s), s)dW{s) + / G{u^ {s),s)h^{s)ds, 

Jo Jo Jo 

= Jlii) + J2{t) + Joi^) + Ji{t) + Jsit) + 


Using Lemma [4.11 it is easy to show that 

E{f\\u'^\s)\\lds)<G2,N, (4.56) 

Jo 

where G 2 ,n is a constant independent of £. We next prove 

sup P/dln |liy/3,2([o,r],w*)) — ^ ^ (4-57) 

£0(0,eo) 


here Sq is the constant stated in Lemma [4.11 Noting that, for any w G W and n G V, 

{Au,v)y = ((mw)), 
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we have 


IIAkIIy = sup |(74 m,u)v|= sup |((m,u))| < ||m|| sup ||u|| < a (4.58) 

lhllv<i lhllv<i lhllv<i 


Then 


IMt) - J2{s)Wi, = II / uAu’^\l)dlWi, < I \\uAu^\l)WUlit-s) 


ri\\l2 


< V a 


ft 

2„-l / II„,/i®/7M|2 


dl{t — s) < a ^ sup ||M^^(/)||y(t — s)^(4.59) 

ie[o,T] 


For any jd G (0,1/2), we have 
/Ilw/3.2([0,T];V)) ^ ll'^2(s)||Yrfs + J j ^ 1 ^^ !_ 


< TE(sup ||J 2 (s)||^) + i? 
se[o,r] 


T pT 



0 JO 


< Cp^rEisnp ||u" (0||^). 
ie[o,T] 


z/^a ^ sup ||^ 2 (s)||v(^ — s)^ ‘^^dsdt 

se[o,T] 

(4.60) 


By flOOll . we have 

\\Mt)-Ms)rw 






< C sup ||u (0llv(^ “ '5) ) 
ze[0,T] 


which yields 


For Jg, we have 


-^(11'^3|lw'3.2([0,r];W*)) — Efj^TE{ 11"*^ (Ollw)- 


(4.61) 


||J6(t)-J6(5)||^ = II / G{u^\l))h^{l)dl\\'^ 


< I \\G{u^\imY^^dl I ||h-(/)||^^d/ 


< GN{snp \\u (0llv)(^-s)) 

ze[o,T] 


which implies that 


-^(11'^6|Iw/ 3.2([0,T];V)) — ^/3,V,T-^( sup ||m (/)||v)- (4.62) 

«6[0,T] 


By similar arguments, we also have 


< GpE^ sup \\u 
ze[o,T] 


ft® 


(011^ 


(4.63) 
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Combining fl4.56l) . fl4.60p . fl4.62p and fl4.63p and fl4.33p in Lemma I^TTl we obtain fl4.57p . 
Since the imbedding W C V is compact, by Lemma 14751 

A = l2([o,t], w) n w^’2([o,t],w*) 

is compactly imbedded in L^([0,T],V). Denote || ■ ||a := || • ||L2([o,r],w) + II • ||w'3.2([o,t],w*)- 
Thus for any L > 0, 

/LA = {ueL2([0,T],V), ||u||a<L} 

is relatively compact in L^([0,T],V). 

We have 

P{u^' ^ Kl) < P{\\u^^\\a >L)< ^i^dlu'^lA) < j- 

Choosing sufficiently large constant L, we see that , £ > 0} is tight in L^([0,T], V). ■ 

Since the imbedding W^’^([0,T], W*) C C([0,T];W*) is compact, the following result is 
a consequence of fl4.57p . 

Proposition 4.6 {u^^} is tight in C([0,T]; W*). 


Theorem 4.7 For every fixed N ^ N, let h^, h ^ An be such that h^ converges in distribu¬ 
tion to h as £ —)■ 0. Then 




h^{s)ds ) converges in distribution to r°( / h{s)ds) 


in C([0,T];V) as e — )■ 0. 

Proof: Note that = L^ + :^ /o h^{s)ds^. By Proposition 14.51 and Proposition 14.61 

we know that is tight in L‘^{[0,T],Y) n C{[0,T],W*). 

Let {u, h, W) be any limit point of the tight family {{u^\ h^, W), e G (0,eo)}. We 
must show that u has the same law as P°( L h(s)ds), and actually => u in the smaller 
space C'([0,T];V). 

Set 

n= (l2([o,t], v)nc'([o,T], w*), Sn, c'([o,t], m-)). 

By the Skorokhod representation theorem, there exit a stochastic basis 

and, on this basis. If-valued random variables (W^, h^, W^) {X, h, W) such that (X^, W^) 

(respectively (X, h, W)) has the same law as h^, hP), e G (0,eo)} (respectively 

(u, h, W)), and (Xf hf W^) (X, h, W)-F^ a.s. in B. _ _ _ 

From the equation satished by h^, IT), we see that (X^, h^, W‘^) satishes the 

following integral equation 


X\f) =uo- vAX\s)ds- / B{X\s),X\s))ds 


(4.64) 


+ / F{X\s),s)ds + ^fe G(X"(s),s)dlT"(s) + / G{X\s), s)h^{s)ds, 


and (see fl4.33p i 


sup E{ sup ||X^(s)||^) < Cp, for any 2 < p < oo. (4.65) 

ee(0,eo) se[0,T] 
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Using similar arguments as in the proof of Theorem 3.4 and Theorem 4.1 in [25], we can 
show that X is the unique solution of the following equation 


X{t) = uo- uAX{s)ds- / B{X{s),X{s))ds 


(4.66) 


+ / F{X{s),s)ds+ / G{X{s), s)h{s)ds. 


Finally, we will prove that 


lim sup ||X(t) — X^(t)||Y = 0, — a.s.. 


e^.0 


i6[0,T] 


(4.67) 


Let v‘^{t) = X‘^{t) — X{t). Using ltd formula, we have 


v%t)r^ + 2 / z/||n^(s)|l^ + (5(X^(s),X^(s))-i?(X(s),X(s)),n^(s)) ds 


^(s), s) - F{X{s), s),v%s))y + e||G(X"(s), s)||y®™ jds 



+2 / x/i(G(X^(s),s),n^(s))vdlU"(s) 

Jo 

+2 [ {G{X%s),s)h^{s)-d{X{s))h{s),v%s))Yds. 

Jo 

Since 

(S(X^(s),X^(s)) -5 (X(s),X(s)),^^( 5)) = -(5(^^(s),n^(s)),X(s)), 
by (12.1 9p and fl3.23p . it follows that 

||n^(t)||y + 2iy f ||r;''(s)|pds 

Jo 

< C f ||n^(s)||2||X(s)||wds + C' f ||n^(s)||2ds + Ce [ ||X^(s)||^ds 

Jo Jo Jo 

+2 [ ^{d{X%s),s),v%s))YdW%s) 

Jo 

+2 f {G{X%s),s)h^{s)-G{X{s))h{s),v%s))Yds. 


Since 


I {G{X%s),s)h^{s) - G{X{s), s)h{s),v^{s))Y\ds 


< / |(G'(X^(s),s)h^(s)-G(X(s),s)h^(s),w^(s))v|ds 


+ / \{G{X{s),s)h^{s)-G{X{s),s)h{s),v%s))Y\ds 


<G \\v%s)\\Y\\h^{s)\\Mmds + G ||X(s)||v||h''(s) - h(s)||Rm||n''(s)||vds 
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< c[ ||v^(s)||y||/l''(s)||Rmrfs + sup ||X(s)||v( / llu^(s)llyds)^/^ 

Jo s 6 [ 0 ,T] Jo 

we have 


u^(s)||yds + Ce f ||X''(s)||y(is 
Jo 

+2 [ ^{G{X%s), s),v%s))YdW%s) 

Jo 

+ C [ ||u^(s)||y||h=(s)||RmCis + sup ||X(s)|lv( / ||u^(s)||yrfs)^/^ 

Jo se[o,T] Jo 

< Cn f\\v%s)\\lip%s)ds + Q{e,T), 

Jo 

here 

^p^(s,uj) = ||X(s)||w + 1 + ||h''(s)||]Rm, (4.68) 

and 

Q{e,T,u) = Ce [ ||X^(s)||2ds + 2 sup | [ y/E{d{X^{s), s),v%s))YdW%s)\ 

Jo i6[0,r] Jo 

+CN^^‘^ sup ||x(s)||y( f ||u^(s)||y(is)^/^. (4.69) 

se[o,T] Jo 


By Gronwalh inequality, 


sup ||n^(t)|y < 0(£,T)exp(' f Lp‘^{s)ds'). 

ie[0,T] ^Jo ^ 

(4.70) 

Noting that limg^o-^^ = X in L^([0,T],V) PPa.s. and sup^gjo.T] 
cxD P^-a.s., we have 

cj)| w ^ ^*( 0 ;) < 

exp ^ J (p‘^{s,u)ds'^ < G{u) < oo — a.s., 

(4.71) 

and 


lim0(e,T) = O, P^ — a.s.. 

£^0 

(4.72) 

Hence 



u^(t)||y + 2u I ||u^(s)||^cis 




< C ||u^(s)||^||X(s)||wds + C' 


sup ||u^(t)||y —>■ 0, P^-a.s.. 

t&[0,T] 

m 

Replacing y/e f*G(u^^(s),s)dW(s) with 0 in the proof of Proposition 14.51 Proposition 
14.61 and Theorem 14.71 we have 

Theorem 4.8 r°(/Q ^(s)(is) is a continuous mapping from g G Sjsi into G([0,T];V), in 
particular, {T^{Jq g{s)ds); g G Sn} is a compact subset of G{[0,T],Y). 
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